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We construct the most general N = 2 supersymmetric nonlinear sigma-model in four-dimensional anti-
de Sitter (AdS) space in terms of N = 1 chiral superﬁelds. The target space is shown to be a non-compact
hyper-Kähler manifold restricted to possess a special Killing vector ﬁeld. A remarkable property of the 
sigma-model constructed is that the algebra of OSp(2|4) transformations is closed off the mass shell.
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In 1986, Hull et al. [1] formulated, building on the earlier work 
of Lindström and Rocˇek [2], general four-dimensional N = 2 rigid
supersymmetric sigma-models (without superpotentials) in terms 
of N = 1 chiral superﬁelds. In 2006, the approach of [1] was ex-
tended to include superpotentials [3].1 The most general N = 2
superconformal sigma-models have been formulated in terms of
N = 1 chiral superﬁelds only recently in [5].2 The formulation
given in [1] is rather geometric, for it makes use of the geomet-
ric structures that are intrinsic to the hyper-Kähler target space.
In this Letter, our aim is to construct the most general N = 2
AdS supersymmetric sigma-models3 in terms of covariantly chiral 
superﬁelds on N = 1 AdS superspace.4 Achieving this goal proves
to require a more involved analysis than that given in the rigid
* Corresponding author.
E-mail addresses: dbutter@cyllene.uwa.edu.au (D. Butter), 
kuzenko@cyllene.uwa.edu.au (S.M. Kuzenko).
1 Ref. [3] also considered the lift of these models to 5D N = 1 supersymmetry.
The case of 6D N = (1,0) supersymmetry was further studied in [4].
2 The main virtue of the N = 1 superspace formulations [1,3,5] is that one of
the two supersymmetries is realized off-shell. The analogous component results 
appeared earlier. Speciﬁcally, the rigid supersymmetric sigma-models with eight su-
percharges were ﬁrst constructed in [6]. The construction of [6] was extended to 
include a superpotential in [7]. General N = 2 rigid superconformal sigma-models
were studied in [8,9].
3 General off-shell N = 2 AdS supersymmetric sigma-models have already been
formulated in the N = 2 AdS superspace in [10], building on the projective-
superspace formulation for N = 2 supergravity-matter systems [11,12]. Using the
off-shell N = 2 sigma-model actions of [10], one can in principle derive their re-
formulation in terms of N = 1 chiral superﬁelds upon (i) eliminating the (inﬁnitely
many) auxiliary superﬁelds; and (ii) performing superspace duality transformations. 
However, these two technical procedures are quite diﬃcult to implement explicitly 
in general.
4 Historically, the N = 1 AdS superspace, AdS4|4 := OSp(1|4)/O(3,1), was in-
troduced in [13,14], and the superﬁeld approach to OSp(1|4) supersymmetry was
developed by Ivanov and Sorin [15].0370-2693 © 2011 Elsevier B.V. Open access under CC BY license.
doi:10.1016/j.physletb.2011.08.043supersymmetric case [1,3,5], simply because the superspace ge-
ometry is curved (even if maximally symmetric). We carry out 
such an analysis, and its outcome turns out to be really reward-
ing. We prove that the N = 2 AdS supersymmetric sigma-models
constructed are off-shell, that is the algebra of the OSp(2|4) trans-
formations closes off the mass shell. Moreover, the target space is 
shown to be a non-compact hyper-Kähler manifold restricted to 
possess a special Killing vector ﬁeld which rotates the complex 
structures.
This Letter is organized as follows. In Section 2, we brieﬂy 
review the properties of AdS nonlinear sigma-models in N = 1
superspace. Then in Section 3 we present the conditions that the
N = 1 action must obey in order to possess a second supersymme-
try. In Section 4, we give the component formulation of this action 
and the action of N = 2 supersymmetry on its component ﬁelds.
In Section 5, we elaborate upon several interesting implications of 
our results.
2. N = 1 nonlinear sigma-models in AdS
Before discussing supersymmetric nonlinear sigma-models, it is 
worth giving essential information about the N = 1 superspace
AdS4|4 (see [16] for more details) which is a maximally symmetric 
solution of old minimal supergravity with a cosmological term. The 
corresponding covariant derivatives,5
DA =
(Da,Dα, D¯α˙)= EAM∂M + 1
2 
φA
bcMbc, (2.1)
obey the following (anti-)commutation relations:
{Dα,Dβ} = −4 ¯μMαβ,
5 We follow the notation and conventions adopted in [16], except we use lower
case Roman letters for tangent-space vector indices.
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(
σ c
)
αβ˙
Dc ≡ −2iDαβ˙ , (2.2a)
[Da,Dβ ] = − i
2
μ¯(σa)βγ˙ D¯γ˙ , [Da,Db] = −|μ|2Mab, (2.2b)
with μ a complex non-vanishing parameter which can be viewed
as a square root of the curvature of the anti-de Sitter space. The
OSp(1|4) isometries of AdS4|4 are generated by Killing vector ﬁelds
deﬁned as
Λ = λaDa + λαDα + λ¯α˙D¯α˙ ,[
Λ + 1
2
ωbcMbc,DA
]
= 0, (2.3)
for some Lorentz transformation generated by ωbc. As shown in
[16], the equations in (2.3) are equivalent to
D(αλβ)β˙ = 0, D¯β˙λαβ˙ + 8iλα = 0, (2.4a)
Dαλα = 0, D¯α˙λα + i2μλαα˙ = 0, (2.4b)
ωαβ = Dαλβ. (2.4c)
The most general nonlinear sigma-model in N = 1 AdS super-
space is given by
S =
∫
d4xd4θ EK(φa, φ¯b¯), (2.5)
where E−1 = Ber(EAM). The dynamical variables φa are covariantly
chiral superﬁelds, D¯α˙φa = 0, and at the same time local complex
coordinates of a complex manifold M. Unlike in the Minkowski
case, the action does not possess Kähler invariance since∫
d4xd4θ E F
(
φa
)=
∫
d4xd2θ E μF (φa) = 0, (2.6)
with E the chiral density. Nevertheless, Kähler invariance naturally
emerges if we represent the Lagrangian as
K(φ, φ¯) = K (φ, φ¯) + 1
μ
W (φ) + 1
μ¯
W¯ (φ¯), (2.7)
for some Kähler potential K and superpotential W . Under a Kähler
transformation, these transform as
K → K + F + F¯ , W → W − μF . (2.8)
The Kähler metric deﬁned by
gab¯ := ∂a∂b¯K = ∂a∂b¯ K (2.9)
is obviously invariant under (2.8).
The nonlinear sigma-model (2.5) is manifestly invariant under
arbitrary N = 1 AdS isometry transformations
δΛφ
a = Λφa, (2.10)
with the operator Λ deﬁned by Eqs. (2.3) and (2.4).
Because of (2.6), the Lagrangian K in (2.5) should be a glob-
ally deﬁned function on the Kähler target space M. This implies
that the Kähler two-form, Ω = igab¯dφa∧dφ¯b¯ , associated with (2.9),
is exact and hence M is necessarily non-compact. We see that
the sigma-model couplings in AdS are more restrictive than in
the Minkowski case. The same conclusion follows from our recent
analysis of AdS supercurrent multiplets [17]. In [17] we demon-
strated that N = 1 AdS supersymmetry allows the existence of just
one minimal (12 + 12) supercurrent, unlike the case of Poincaré
supersymmetry admitting three (12 + 12) supercurrents. The cor-
responding AdS supercurrent is associated with the old minimalsupergravity and coincides with the AdS extension of the Ferrara–
Zumino multiplet [18]. An immediate application of this result
is that all supersymmetric sigma-models in AdS must possess a
well-deﬁned Ferrara–Zumino multiplet. The same conclusion also
follows from the exactness of Ω and earlier results of Komar-
godski and Seiberg [19] who demonstrated that all rigid super-
symmetric sigma-models with an exact Kähler two-form possess a
well-deﬁned Ferrara–Zumino multiplet. The exactness of Ω for the
general N = 1 sigma-models in AdS has independently been ob-
served in recent publications [20] and [21] which appeared shortly
after [17].
We should discuss brieﬂy how the structure (2.5) emerges
within a supergravity description. (Our discussion here is similar
to that recently given in [20].) Recall that nonlinear sigma-models
may be coupled to supergravity via
S = − 3
κ2
∫
d4xd4θ Ee−κ2K/3 +
∫
d4xd2θ EW sugra
+
∫
d4xd2θ¯ E¯W¯ sugra (2.11)
where the Kähler potential K and the superpotential W sugra trans-
form under Kähler transformations as
K → K + F + F¯ , W sugra → e−κ2 F W sugra. (2.12)
The parameter κ corresponds to the inverse Planck mass. To derive
an AdS model from a supergravity model, we insert a cosmological
term by hand in the superpotential
W sugra = μ
κ2
+ W (2.13)
and consider the limit of small κ . The terms which diverge in
such a limit correspond to pure supergravity with a cosmological
constant and the supergravity equations of motion may be solved
to yield an AdS solution, freezing the supergravity structure. The
terms which remain as κ tends to zero can be shown to take the
form (2.5) with (2.7). The corresponding limit of (2.12) yields (2.8).
3. N = 2 nonlinear sigma-models in AdS
We now turn to implementing our main goal, that is to look for
those restrictions on the target space geometry which guarantee
that the theory (2.5) is N = 2 supersymmetric.
3.1. N = 2 supersymmetry transformations
We make the following ansatz6 for the action of a second su-
persymmetry on the chiral superﬁeld φa:
δεφ
a = 1
2
(D¯2 − 4μ)(εΩ¯a) (3.1)
where Ω¯a is a function of φ and φ¯ which has to be determined.
The parameter ε is real, ε¯ = ε, and constrained to obey [22]
(D¯2 − 4μ)ε = D¯α˙Dαε = 0 ⇒ Dαα˙ε = 0. (3.2)
Deﬁning εα := Dαε, the second constraint implies that εα is chiral,
D¯α˙εα = 0. The parameter ε naturally originates within the N = 2
AdS superspace approach [10]. The isometries of N = 2 AdS su-
perspace are described by the corresponding Killing vector ﬁelds
6 The transformation law (3.1) is a generalization of that derived in [10], using
manifestly N = 2 supersymmetric techniques, in the case of a free N = 2 hy-
permultiplet φa = (Φ,Ψ ) for which δεΦ = 12 (D¯2 − 4μ)(εΨ¯ ) and δεΨ = − 12 (D¯2 −
4μ)(εΦ¯). The ansatz (3.1) also has a correct super-Poincaré limit [1,3].
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N = 2 Killing vector produces an N = 1 Killing vector Λ, Eq. (2.3),
and ε.
The θ -dependent parameter ε, due to the constraints Eq. (3.2),
contains two components: (i) a bosonic parameter ξ which is de-
ﬁned by ε|θ=0 = ξ |μ|−1 and describes the O(2) rotations; and (ii)
a fermionic parameter α := Dαε|θ=0 along with its conjugate,
which generate the second supersymmetry. Schematically, the ε
looks like
ε ∼ ξ|μ| + 
αθα + ¯α˙ θ¯ α˙ − ξ
(
μ¯
|μ|θ
2 + μ|μ| θ¯
2
)
. (3.3)
On the mass shell, the right-hand side of (3.1) should transform
as a vector ﬁeld of type (1,0) under reparametrizations of the tar-
get space. Due to the constraints (3.2), the transformation δφa may
be rewritten in the form
δφa = ε¯α˙D¯α˙Ω¯a + 12ε D¯
2Ω¯a (3.4)
which makes clear that Ω¯a is deﬁned only up to a holomorphic
vector,
Ω¯a → Ω¯a + Ha(φ). (3.5)
3.2. Conditions for N = 2 supersymmetry
We turn to discussing the conditions for the sigma-model ac-
tion (2.5) to be invariant under the N = 2 supersymmetry trans-
formations (3.1) and (3.2).
A large amount of information can be extracted from the fol-
lowing requirement
δ
δφa
∫
d4xd4θ E
{Kb(D¯2 − 4μ)(εΩ¯b)
+Kb¯
(D2 − 4μ¯)(εΩ b¯)}= 0 (3.6)
which must hold if the action is invariant. This requirement is
technically easier to analyse than the invariance condition δS = 0.
The technical details of such an analysis will be reported else-
where. Here we only present the ﬁnal results. As in the globally
supersymmetric case [1], one may introduce a tensor ωa¯b¯ via
ωa¯b¯ := ga¯c Ω¯c ,b¯, Ω¯c ,b¯ := ∂b¯Ω¯c. (3.7)
Eq. (3.6) implies that ωa¯b¯ is both a two-form,
ωa¯b¯ = −ωb¯a¯, (3.8)
and covariantly constant,
∇cωa¯b¯ = 0, ∇c¯ωa¯b¯ = 0, (3.9)
and similarly for its complex conjugate ωab .7 These conditions im-
ply that both ωab and ωab := gaa¯ gbb¯ωa¯b¯ are holomorphic, ωab =
ωab(φ) and ωab = ωab(φ).
The conditions (3.7) and (3.8) are exactly the same as in the
rigid supersymmetric case [1]. There is in addition one extra purely
AdS condition that follows from (3.6). We ﬁnd that the following
equation must hold:
μ∂a
(
ga¯cω
cbKb
)+ μ¯∂a¯(gac¯ωc¯b¯Kb¯)= 0. (3.10)
If we deﬁne the vector ﬁeld
7 It was shown in [23] that if the tensor ωa¯b¯ deﬁned by (3.7) is antisymmetric,
then the second equation in (3.9) automatically holds.V μ = (V a, V a¯), V a := 1
2
μ
|μ|ω
abKb,
V a¯ := 1
2
μ¯
|μ|ω
a¯b¯Kb¯, (3.11)
then the above equation may be written as
∇aVb¯ + ∇b¯ Va = 0. (3.12)
In addition, since ∇aVb = −μ¯ωab/2|μ|, we also have
∇aVb + ∇bVa = 0. (3.13)
Together, these conditions imply that V = V a∂a + V¯ a¯∂a¯ is a Killing
vector ﬁeld on the Kähler manifold. By construction it also obeys
V a∂aK = V a¯∂a¯K = 0. (3.14)
This Killing vector turns out to also obey one additional critical
property: it acts as a rotation on the three complex structures! One
can easily show that the Lie derivative of the complex structures
are given by
LV J1 = Imμ|μ| J3 = sin θ J3 (3.15a)
LV J2 = −Reμ|μ| J3 = − cos θ J3 (3.15b)
LV J3 = Reμ|μ| J2 −
Imμ
|μ| J1 = cos θ J2 − sin θ J1 (3.15c)
where θ = argμ. In particular, the speciﬁc linear combination
J1 cos θ + J2 sin θ turns out to be invariant under the Lie deriva-
tive. This condition is remarkable since it implies that V μ is holo-
morphic with respect to this speciﬁc complex structure,8 but not
tri-holomorphic. These features have recently been observed in two
papers [24,25] in which supersymmetric nonlinear sigma-models
in AdS5 were formulated ﬁrst in terms of 4D N = 1 chiral su-
perﬁelds [24] and then involving component ﬁelds [25]. As argued
in [24], the AdS5 supersymmetry requires the sigma-model target
space to be hyper-Kähler and possess a holomorphic Killing vec-
tor ﬁeld.9 In that case, the Killing vector ﬁeld is again holomorphic
with respect to just one of the complex structures, but not tri-
holomorphic.
The above properties follow solely from the requirement (3.6),
without a direct analysis of the invariance condition δS = 0. How-
ever, taking into account the properties (3.8), (3.9) and (3.12),
(3.13) it can be shown that the action is indeed invariant. We shall
describe the derivation in a separate publication.
As a simple example, consider the N = 2 linear sigma-model
[10]
S =
∫
d4xd4θ E
(
Φ¯Φ + Ψ¯ Ψ − i μ¯|μ|
(
1+ m|μ|
)
ΨΦ
+ i μ|μ|
(
1+ m|μ|
)
Ψ¯ Φ¯
)
, (3.16)
with φa = (Φ,Ψ ) covariantly chiral superﬁelds, and m a mass
parameter (the choice m = −|μ| corresponds to the superconfor-
mal massless hypermultiplet). Using the explicit expression for the
holomorphic two-form
8 In other words, if one were to work in coordinates where J1 cos θ + J2 sin θ is
diagonalized to diag(i1n,−i1n), then V μ would be holomorphic in the usual sense.
9 The Killing vector turns out to be holomorphic due to a certain embedding of
the hypermultiplets into 4D N = 1 chiral superﬁelds.
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(
0 1
−1 0
)
, (3.17)
it is easy to check that the vector ﬁeld (3.11) given by Va =
(Vφ, Vψ) and Va¯ = (V φ¯ , V ψ¯ ) with
Vφ = 1
2
μ¯
|μ|Ψ +
i
2
(
1+ m|μ|
)
Φ¯,
Vψ = −1
2
μ¯
|μ|Φ −
i
2
(
1+ m|μ|
)
Ψ¯ , (3.18a)
V φ¯ =
1
2
μ
|μ| Ψ¯ −
i
2
(
1+ m|μ|
)
Φ,
V ψ¯ = −
1
2
μ
|μ| Φ¯ +
i
2
(
1+ m|μ|
)
Ψ (3.18b)
indeed obeys (3.12) and (3.13).
It should be remarked that, modulo transformations (3.5), we
can choose
Ω¯a(φ, φ¯) = ωab(φ)Kb(φ, φ¯), (3.19)
similarly to the super-Poincaré case [1]. The speciﬁc feature of the
AdS case is that Kb is a one-form, and thus Ω¯a is necessarily a
vector ﬁeld. Comparing the expression for Ω¯a with (3.11) shows
that Ω¯a ∝ V a .
3.3. Closure of the supersymmetry algebra
Let us calculate the commutator of two second supersymmetry
transformations (3.1). This calculation is rather short and the result
is
[δε2 , δε1 ]φa = −ωacωcb
(
−1
2
λ˜αα˙Dαα˙ + λ˜αDα
)
φb, (3.20)
where
λ˜αα˙ := 4i(εα2 ε¯α˙1 − εα1 ε¯α˙2 ), λ˜α := 2μ(εα1 ε2 − εα2 ε1) (3.21)
are the components of the ﬁrst-order operator Λ[ε2,ε1] = − 12 λ˜αα˙ ×
Dαα˙ + λ˜αDα + ¯˜λα˙D¯α˙ which proves to be an AdS Killing vector
ﬁeld, see Eqs. (2.3) and (2.4). If we impose
ωacωcb = −δab, (3.22)
then the above result turns into
[δε2 , δε1 ]φa = Λ[ε2,ε1]φa. (3.23)
We see from (3.23) that the commutator [δε2 , δε1 ]φa closes
off the mass shell. This is similar to the supersymmetry struc-
ture within the Bagger–Xiong formulation [3] for N = 2 rigid
supersymmetric sigma-models. However, in the case of ﬂat super-
space, the commutator of the ﬁrst and the second supersymme-
tries closes only on-shell [3]. What about the AdS case? Computing
the commutator of the N = 1 AdS transformation and the second
supersymmetry transformation gives
[δΛ, δε]φa = −1
2
(D¯2 − 4μ)((Λε)Ω¯a). (3.24)
Since Λ is an N = 1 Killing vector ﬁeld, the parameter ε′ = Λε
obeys the constraints (3.2) and hence generates a second super-
symmetry transformation. We observe that commuting the N = 1
AdS transformation and the second supersymmetry gives a second
supersymmetry transformation,
[δΛ, δε]φa = −δΛεφa. (3.25)As a result, the algebra of OSp(2|4) transformations is closed off
the mass shell!10
Let us return to Eq. (3.22). Its implications are the same as in
the super-Poincaré case [1]. In addition to the canonical complex
structure
J3 =
(
iδab 0
0 −iδa¯b¯
)
, (3.26)
we may construct two more using ωab¯
J1 =
(
0 ωab¯
ωa¯b 0
)
, J2 =
(
0 iωab¯
−iωa¯b 0
)
(3.27)
such that M is Kähler with respect to each of them. The operators
J A = ( J1, J2, J3) obey the quaternionic algebra
J A J B = −δABI + ABC JC . (3.28)
Thus, M is a hyper-Kähler manifold. In accordance with the dis-
cussion in Section 2, this manifold is non-compact. The above anal-
ysis also shows that M must possess a special Killing vector.
Using (3.22), it is easy to establish the equivalence
(D¯2 − 4μ)Ka = 0 ⇐⇒ (D¯2 − 4μ)(ωabKb)= 0. (3.29)
This results implies that the following rigid symmetry of the N =
2 sigma-model
δφa = ζ (D¯2 − 4μ)(ωabKb), ζ ∈ C (3.30)
is trivial.
It is well known that when N = 2 sigma-models are coupled
to supergravity, their target spaces must be quaternionic Kähler
manifolds [26]. Unlike the hyper-Kähler spaces which are Ricci-ﬂat,
their quaternionic Kähler cousins are Einstein spaces with a non-
zero constant scalar curvature (see, e.g., [27] for a review). Since
AdS is a curved geometry, one may wonder whether the target
spaces of N = 2 sigma-models in AdS should also be quaternionic
Kähler. Yet we have shown here that within AdS, the geometry is
hyper-Kähler just as in Minkowski space. The reason is simple. As
shown in [26], the scalar curvature in the target space of locally
supersymmetric sigma-models must be nonzero and proportional
to κ2,
R = −8κ2(n2 + 2n), (3.31)
where the real dimension of the target space is 4n. But AdS (or
Minkowski) space can be interpreted as the κ2 → 0 limit of su-
pergravity with (or without) a cosmological constant μ. In such
a limit, we ﬁnd indeed that the quaternionic Kähler requirement
from supergravity reduces to a hyper-Kähler requirement.
3.4. N = 2 superconformal sigma-models
Both Minkowski and AdS N = 2 superspaces have the same
superconformal group SU(2,2|2). Thus all N = 2 rigid supercon-
formal sigma-models should be invariant under the N = 2 AdS
supergroup OSp(2|4). Here we elaborate on this point.
Target spaces for N = 2 superconformal sigma-models are
hyper-Kähler cones (see [28] and references therein). A hyper-
Kähler cone is a hyper-Kähler manifold possessing a homothetic
conformal Killing vector ﬁeld. Let us recall the salient facts about
homothetic conformal Killing vector ﬁelds (see [28,29] for more
10 It should be mentioned that the linearized action for all massless supermulti-
plets of arbitrary superspin in N = 1 AdS superspace [22] is also invariant under
N = 2 supersymmetry transformations which close off-shell.
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χ on a Kähler manifold (M, gab¯),
χ = χa ∂
∂φa
+ χ¯ a¯ ∂
∂φ¯a¯
≡ χμ ∂
∂φμ
, (3.32)
obeys the constraint
∇νχμ = δνμ ⇐⇒ ∇bχa = δba, ∇b¯χa = ∂b¯χa = 0.
(3.33)
In particular, χ is holomorphic. Its properties include:
gab¯χ
aχ¯ b¯ = K, χa := gab¯χ¯ b¯ = ∂aK, (3.34)
with K the Kähler potential. If N = 2 superconformal sigma-
models are realized in N = 1 Minkowski superspace, the second
supersymmetry is given in terms of χ [5].
We have to show that the above properties of χ imply the ex-
istence of a Killing vector ﬁeld
V μ = (V a, V a¯)= 1
2|μ|
(
μωabKb, μ¯ωa¯b¯Kb¯
)
= 1
2|μ|
(
μωabχb, μ¯ω
a¯b¯χb¯
)
, (3.35)
for any non-zero complex parameter μ. By representing 2|μ|Va =
μ¯ωabχ
b and using the facts that ωab and χb are holomorphic, the
condition (3.12) follows. The other condition, Eq. (3.13), holds au-
tomatically.
It is instructive to give a slightly different proof that (3.35) is
a Killing vector, which shows that V μ belongs to the Lie alge-
bra of the group SU(2) isometrically acting on the hyper-Kähler
cone. As shown e.g. in [28,29], associated with the complex struc-
tures ( J A)μν , Eqs. (3.26) and (3.27), are the three Killing vectors
XμA := ( J A)μνχν which span the Lie algebra of SU(2). In partic-
ular, we have that ( J1)μνχν = (ωabKb,ωa¯b¯Kb¯) and ( J2)μνχν =
(iωabKb,−iωa¯b¯Kb¯) are Killing vectors. The Killing vector (3.35) is
simply a real combination of ( J1)μνχν and ( J2)μνχν , and thus
V μ belongs the Lie algebra of SU(2).
4. N = 2 nonlinear sigma-models in components
We turn now to the component description of N = 2 non-
linear sigma-models in AdS. The evaluation of the superspace ac-
tion is straightforward, and makes use of the N = 1 AdS reduction
rule (see e.g. [30] or standard texts on N = 1 supergravity [16,31])
equivalent to
S =
∫
d4xd4θ EK
=
∫
d4x e
{
1
16
Dα(D¯2 − 4μ)DαK
− 1
4
μ¯D¯2K − 1
4
μD2K + 3μμ¯K
}
(4.1)
where E−1 = Ber(EAM) and e = det(ema). This form of the AdS
reduction rule makes clear that μ-dependent terms are the only
obstruction to Kähler invariance. The ﬁrst term yields the Kähler
invariant kinetic and four-fermion terms while the others provide
a μ-dependent potential for the scalar ﬁelds and masses for the
fermions. In components, one ﬁndsS =
∫
d4x e
{
−Dmϕa gab¯Dmϕ¯b¯ − iχαa gab¯∇αα˙χ¯ α˙b¯ + Fˆ a gab¯ ¯ˆF b¯
+ 1
4
(
χaχb
)(
χ¯ a¯χ¯ b¯
)
Raa¯bb¯ −
μ
2
(
χaχb
)∇aKb
− μ¯
2
(
χ¯ a¯χ¯ b¯
)∇a¯Kb¯ + μ Fˆ aKa + μ¯ ¯ˆF a¯Ka¯ + 3μμ¯K
}
. (4.2)
We have deﬁned components in the conventional way
ϕa := φa∣∣, χbα := 1√
2
Dαφb
∣∣, Fa := −1
4
D2φa
∣∣ (4.3)
and have made use of the quantity
Fˆ a := Fa − 1
2
Γ abcχ
bχ c (4.4)
which transforms covariantly under reparametrizations. The com-
ponent AdS derivative is given by the θ -independent piece of the
superspace vector derivative,
Dm := emaDa|. (4.5)
The reparametrization-covariant derivative acts on the fermions,
for example, as
∇αα˙χ¯ α˙b := Dαα˙χ¯ α˙b + Γ bcdDαα˙ϕcχ¯ α˙d; (4.6)
their masses are given by reparametrization-covariant ﬁeld deriva-
tives of K
∇aKb := ∂aKb − Γ cabKc, Ka := ∇aK = ∂aK. (4.7)
This action is invariant under the N = 2 supersymmetry transfor-
mations
δϕa = √2(λχa + ωab¯ ¯χ¯ b¯), (4.8a)
δχaα + Γ abcδϕbχ cα
= √2(λα Fˆ a − αωab¯ ¯ˆF b¯)
+ i√2(λ¯α˙Dαα˙ϕa − ¯α˙ωab¯Dαα˙ϕ¯b¯), (4.8b)
δ Fˆ a + Γ abcδϕb Fˆ c
= −μ¯√2(λχa + ωab¯ ¯χ¯ b¯)
+ i√2(λ¯α˙∇α˙αχaα + ωab¯α∇αα˙χ¯ α˙b¯)
+ 1√
2
(
Rcc¯
a
bλ¯χ¯
c¯χ cχb − ωab¯ Rcc¯ b¯d¯χ cχ¯ c¯χ¯ d¯
)
(4.8c)
where the spinor supersymmetry parameters λα and α obey the
AdS Killing spinor equations
Dα(α˙λ¯β˙) = 0, Dαα˙λ¯α˙ = 2iμ¯λα, (4.9a)
Dα(α˙ ¯β˙) = 0, Dαα˙¯α˙ = 2iμα. (4.9b)
In addition, the O(2) rotation of AdS acts on the ﬁelds as
δϕa = −2 ξ|μ|ω
a
b¯
¯ˆF b¯, (4.10a)
δχaα + Γ abcδϕbχ cα
= −2i ξ|μ|ω
a
b¯∇αα˙χ¯ α˙b¯ +
ξ
|μ|ω
ab Rbb¯cc¯χ¯
b¯χ¯ c¯χ cα, (4.10b)
δ Fˆ a + Γ abcδϕb Fˆ c
= 6μ¯ ξ ωab¯ ¯ˆF b¯ − 2
ξ
ωab¯∇aDaϕ¯b¯ + 2i
ξ
ωab Rbc¯dd¯χ
d
αχ¯
d¯
α˙|μ| |μ| |μ|
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a
bc¯c
(
ωc¯dχ
dχ c − ωcd¯χ¯ d¯χ¯ c¯
)
Fˆ b
− 1
2
ξ
|μ|ω
ab∇c Rbc¯dd¯χ cχdχ¯ c¯χ¯ d¯. (4.10c)
The combination of supersymmetry and O(2) transformations
closes off-shell.
Integrating out the auxiliary ﬁeld gives Fˆ b = −μ¯gbb¯Kb¯ and the
action becomes
S =
∫
d4x e
{
−Dmϕa gab¯Dmϕ¯b¯ − iχaα gab¯∇αα˙χ¯ α˙b¯
+ 1
4
(
χaχb
)(
χ¯ a¯χ¯ b¯
)
Raa¯bb¯ −
μ
2
(
χaχb
)∇aKb
− μ¯
2
(
χ¯ a¯χ¯ b¯
)∇a¯Kb¯ − μμ¯gab¯KaKb¯ + 3μμ¯K
}
. (4.11)
The second line can be rewritten in terms of the Killing vector
V a := μ
2|μ|ω
abKb as
S =
∫
d4x e
{
−Dmϕa gab¯Dmϕ¯b¯ − iχaα gab¯∇αα˙χ¯ α˙b¯
+ 1
4
(
χaχb
)(
χ¯ a¯χ¯ b¯
)
Raa¯bb¯ + |μ|
(
χaχb
)
ωbc∇aV c
+ |μ|(χ¯ a¯χ¯ b¯)ω¯b¯c¯∇a¯ V c¯ − 4μμ¯gab¯V aV b¯ + 3μμ¯K
}
. (4.12)
Because K appears explicitly in the potential, it must be a globally-
deﬁned function (up to at most a constant shift).
Using the equations of motion, the supersymmetry and O(2)
transformations may be written entirely in terms of geometric
quantities,
δϕa = √2(λχa + ωab¯ ¯χ¯ b¯)+ 4ξV a, (4.13a)
δχaα + Γ abcδϕbχ cα
= i√2(λ¯α˙Dαα˙ϕa − ωab¯α˙Dαα˙ϕ¯b¯)
− 2√2|μ|(λαωab¯V b¯ − αV a)+ 4ξχbα∇bV a. (4.13b)
5. Discussion
In this Letter, we have constructed the most general N = 2 su-
persymmetric nonlinear sigma-model in AdS in terms of N = 1
chiral superﬁelds. As in the rigid supersymmetric case, the tar-
get space of the sigma-model must be hyper-Kähler. However,
the AdS supersymmetry imposes some additional geometric re-
strictions. The hyper-Kähler target space M must be such that
(i) the Kähler two-form Ω = igab¯ dφa ∧ dφ¯b¯ , which is associated
with the complex structure J3 used in the N = 1 superspace for-
mulation, is exact (and hence the target space is non-compact);
(ii) M possesses a Killing vector deﬁned by (3.11) which rotates
the three complex structures, Eq. (3.15). It should be pointed out
that the exactness of Ω is a general feature of N = 1 super-
symmetric sigma-models in AdS, as demonstrated earlier in [20]
and [21].
The condition that M must possess a certain Killing vector
has in fact a simple physical explanation. As compared with the
N = 2 super-Poincaré group, its AdS counterpart OSp(2|4) includes
an additional one-parameter symmetry which is the group of O(2)
rotations. Invariance under this symmetry proves to require the ex-
istence of a Killing vector in the target space.
A natural question to ask is whether a given hyper-Kähler man-
ifold with the properties described can be the target space of anN = 2 sigma-model in AdS. Recall that if a hyper-Kähler manifold
possesses a Killing vector V μ holomorphic with respect to a com-
plex structure, say J1, then one can easily show that
V μ = 1
2
J1
μ
ν∇νK (5.1)
for a real Killing potential K.11 However, if in addition we make the
assumption that V μ rotates the other two complex structures, i.e.
LV J1 = 0, LV J2 = − J3, LV J3 = + J1 (5.2)
then it is a simple exercise to show that
gμν = 1
2
(
δμ
ρδν
σ + J3μρ J3νσ
)∇ρ∇σK (5.3)
or equivalently (in complex coordinates where J3 is diagonalized)
gab = 0, gab¯ = ∂a∂b¯K. (5.4)
In other words, the function K is not only the Killing potential
with respect to J1, but also the Kähler potential with respect to J3.
In fact, it is the Kähler potential with respect to any complex struc-
ture orthogonal to J1.
We are thus led to the following simple prescription for gen-
erating an N = 2 nonlinear sigma-model in AdS from a given
hyper-Kähler manifold. If the hyper-Kähler manifold admits some
Killing vector V μ which rotates the complex structures (necessar-
ily leaving one of them invariant) then one constructs a Killing
potential K with respect to the invariant complex structure. The
resulting function is the Kähler potential and, indeed, the superﬁeld
Lagrangian when written in the basis where one of the orthog-
onal complex structures is diagonalized. For this prescription to
be consistent, the Kähler form associated with the diagonalized
complex structure must be exact (hence the hyper-Kähler mani-
fold must be non-compact) and the function K must be globally
deﬁned.
It is quite intriguing that some of the properties we have dis-
cussed have recently been independently discovered in the context
of supersymmetric nonlinear sigma-models in AdS5 [24,25].12 In
particular, a Killing vector V μ appears which rotates the complex
structures while leaving one of them invariant. However, in these
models, it is the invariant complex structure which is diagonalized,
and so V μ is holomorphic in the usual sense. This undoubtedly is
related to the fact that in these models the ﬁve-dimensional space
is foliated with ﬂat four-dimensional subspaces. More precisely, the
Killing vector turns out to be holomorphic due to a certain embed-
ding of the hypermultiplets into 4D N = 1 chiral superﬁelds.
The remarkable feature of our construction is that the N = 2
supersymmetry algebra closes off the mass shell, for the most
general N = 2 supersymmetric nonlinear sigma-model in AdS re-
alized in terms of N = 1 chiral superﬁelds. This is a new type of
structure that has no analogue in Minkowski space. Indeed, in or-
der to have off-shell supersymmetry for general N = 2 nonlinear
sigma-models in Minkowski space, one has to use the harmonic
[33,34] or the projective [35,36] superspace approaches in which
the off-shell hypermultiplet realizations involve an inﬁnite number
of auxiliary ﬁelds. In our construction, the hypermultiplet is de-
scribed using a minimal realization of two ordinary N = 1 chiral
superﬁelds with 8 + 8 degrees of freedom. One may wonder why
11 In the basis where J1 = diag(i1n,−i1n), this reduces to the usual deﬁnition of
a Killing potential [32] (aside from an additional numerical factor).
12 The paper [24], which appeared on the preprint arXiv shortly after the ﬁrst
version of this Letter, was the ﬁrst to note that the Killing vector in AdS5 was holo-
morphic while [25] later noted that it rotated the complex structures. Subsequently
we discovered the same features in AdS4, where they are more hidden.
626 D. Butter, S.M. Kuzenko / Physics Letters B 703 (2011) 620–626the structure of supersymmetry transformations in AdS differs so
drastically from that in Minkowski space. The origin of this differ-
ence can be traced back to the explicit form of the AdS superﬁeld
parameter (3.3). One can see that the leading component of ε is
not analytic in the cosmological constant |μ|, which is similar to
the well-known non-analyticity of the cubic interaction of mass-
less higher spin ﬁelds in AdS [37]. Thus the parameter ε does not
admit a smooth limit to Minkowski space. On the other hand, from
the work of [1,3,5] it is known that in the case of N = 2 nonlinear
sigma-models in Minkowski space one has to deal with a super-
ﬁeld parameter of the form
ε = τ + αθα + ¯α˙ θ¯ α˙ , τ = const, α = const. (5.5)
Here the bosonic parameter τ generates a central charge trans-
formation which can be shown to be a trivial symmetry (i.e. it
coincides with the identity transformation on-shell). This transmu-
tation of the physical O(2) symmetry, which is generated by the
parameter ξ in (3.3), into a trivial τ -symmetry is another manifes-
tation of non-analyticity in the cosmological constant.
Off-shell supersymmetry is also characteristic of the gauge
models for massless higher spin N = 2 supermultiplets in AdS
constructed in [22] using N = 1 superﬁelds. Since those theories
are linearized, one may argue that their off-shell supersymmetry
is not really impressive. However, now we have demonstrated that
the formulation of the most general nonlinear N = 2 supersym-
metric sigma-models in terms of N = 1 chiral superﬁelds is also
off-shell. This gives us some evidence to believe that, say, general
N = 2 super Yang–Mills theories in AdS possess an off-shell for-
mulation in which the hypermultiplet is realized in terms of two
chiral superﬁelds. If this conjecture is correct, there may be non-
trivial implications for quantum effective actions.
The off-shell structure of our N = 2 nonlinear sigma-models
in AdS implies that there should exist a manifestly N = 2 super-
symmetric formulation in AdS with the same ﬁnite set of auxiliary
ﬁelds we have found. It would be of interest to develop such a
formulation.
Note added
After this article was accepted for publication, the authors learned that hyper-
Kähler geometries possessing Killing vectors which rotate the complex structures
were considered previously by Hitchin et al. [38].
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